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The Excited Charmonium Production in e+e− Annihilation
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We calculate the form factor and cross section of the excited charmonium production process e+ + e− →
ψ (2S ) + ηc by light-cone sum rules. In our method, the form factor depends on the distribution amplitude of
ηc meson. Experimentally, the energy scale of e
+ + e− → ψ (2S ) + ηc process is much larger than the initial
energy scale of ηc meson in our BHL model. Therefore, we further consider the evolution of the distribution
amplitude with the energy scale, and select the distribution amplitude as our input parameter when the final
effective energy scale is µ = 5.00 GeV . This treatment means that we have chosen the relativistic distribution
amplitude. The results show that the relativistic effect contributes greatly to the form factor and cross section.
Our results are consistent with Belle experimental data.
PACS numbers: 11.55.Hx, 13.66.Bc, 14.40.Lb, 12.39.-x
I. INTRODUCTION
The process of double-charmonium production by e+e− annihilation provides us a platform for studying perturbative and
non-perturbative effects in quantum chromodynamics (QCD). As early as 2002, the Belle [1, 2] experimental group measured
the cross section of the exclusive process e+ + e− → ψ (2S ) + ηc,
σBelle × Br>2 = 16.3 ± 4.6 ± 3.9 f b.
Prior to this, the nonrelativistic QCD (NRQCD) and the Color-Singlet model [3] was used to predict the cross-section of the
process, but its predictions is much smaller than the experimental results. After the publication of the experimental results,
many theoretical works have emerged, such as the method of expanding light cone [4–6], and the method of perturbative QCD
(pQCD), relativistic quark model [7–9] and so on [10].
NRQCD factorization is a systematic framework for calculating the production of heavy quarkonium. In Ref. [3], the NRQCD
method was used to predict the cross section of the e+ + e− → ψ (2S ) + ηc process for the first time, and a result of σ =
0.96± 0.45 f b smaller than the experimental value by an order of magnitude was acquired, where the leading order contribution
and next-leading order (NLO) contribution were taken into account. Obviously, even considering the contribution of the NLO,
there was still a big difference between the theoretical and the experimental result. Further, the author took the relativistic
correction into consideration and obtained the result of σ = 5.6+10.5−3.3 f b. It is not hard to see that the relativistic correction has
given a considerable contribution. In fact, they considered the contribution of NLO in the past, but the theoretical predictions
are still quite different from the experimental result [11]. The error caused by the NLO is +10.5 and −3.3 respectively. Thus one
would doubt the validity of the expansion methods for the coupling constant αs and v
2 in the process.
Later, the relativistic effect was particularly considered in the calculation of the e++e− → ψ (2S )+ηc cross section. V.V.Braguta
et al. [4–6] calculated it through the light-conemethod. Unlike the NRQCDmethod, the author of the light cone method adopted
a wave function with relativistic effect for the final meson. Their theoretical cross section is σ = 16.3 f b for ψ(2S ) wave function
and σ = 10.4+9.2−7.8 f b for ηc distributed amplitude(DA) , which are in agreement with the experimental result. Besides, based
on the perturbative QCD and the relativistic quark model, D.Ebert et al [9] had presented a new evaluation for the relativistic
effect of double-charmonium. The main improvement lies in an accurate description of the relativistic nature of the meson
wave function. For example, all relativistic contributions of O
(
v2
)
and O
(
v4
)
for wave function expansion and relativistic p/
√
s
corrections for the propagation of quark and gluon propagator were considered. The results obtained were also in consistent
with the experimental result. This indicates that it is very important to consider its relativistic contribution when calculating the
cross section of the e+ + e− → ψ (2S ) + ηc process.
The method of light-cone sum rules is a fruitful hybrid of the SVZ sum rules [12, 13] technique and the theory of hard
exclusive processes, it is be a powerful tool for calculating the form factors in the large momentum transfer. In our previous
work, we have successfully applied this method to the e+ + e− → J/ψ + ηc process [14]. In the present study, we will extend
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2this method to the new process e+ + e− → ψ (2S ) + ηc. Unlike the particle J/ψ which is a ground state meson, ψ (2S ) here is a
excited state meson. However, after careful treatment for the hadronic spectra, we find that that the light-cone sum rules can also
be used for this process. In this paper, firstly, we give the form factor within LCSR. Secondly, we discuss the evolution of the
distribution amplitude(DA), which is an input parameter for the form factor, with the energy scales. Thirdly, we get the results
of form factor and cross section and compare our results with that of Belle experiment and other theoretical methods. The last
section is a summary.
II. THE e+ + e− → ψ (2S ) + ηc FORM FACTOR WITHIN THE LCSR
The start object of light-cone sum rules is a T-product of two quark currents sandwiched between vacuum and on-shell state.
For the exclusive process e+ (P1) e
− (P2)→ ψ (2S ) (P3) ηc (P4), the corresponding amplitude has the structure of a typical LCSR
correlation function
Πµν (P4, q) = i
∫
d
4
xe−iqx < ηc (P4) | T
{
Jcµ (x) J
c
ν (0)
}
| 0 >, (2.1)
with Jcµ = C¯ (x) γµC (x) is the colorless c-quark electromagnetic current, and q is the four-momentum of the virtual photon, P4
stands for the four-momentum of ηc meson.
Generally, we have two ways to dealing with the correlation function. One is to insert a complete states into it, another is to
expand the operator product(OPE) in it. Firstly, we insert a complete intermediate states with the same quantum number as the
J/ψ ground state and its first excited state ψ (2S ) between the two electromagnetic currents. Then, the contributions of the J/ψ
ground state, the first excited state ψ (2S ) and the higher excited and continuum states can be separated. The simplified time-like
hadronic states representation is
Πµν (P4, q) =
1
m2
J/ψ
− (q − P4)2
< ηc (P4) | Jcµ (0) | J/ψ (P4 − q) | 0 >< J/ψ (P4 − q) | Jcν (0) | 0 >
+
1
m2
ψ(2S )
− (q − P4)2
< ηc (P4) | Jcµ (0) | ψ (2S ) (P4 − q) | 0 >< ψ (2S ) (P4 − q) | Jcν (0) | 0 >
+
1
π
∫ ∞
s02
ds
ImΠµν
s − (q − P4)2
, (2.2)
where mJ/ψ is the J/ψ mass, mψ(2S ) is the mass of ψ (2S ). The first and second terms represent the contributions from J/ψ and
ψ (2S ), respectively. And the third one is the dispersion integral that includes the contributions from the higher excited and
continuum states. The matrix elements [14] in Eq.(2.2) are defined as
< 0 | Jcν (0) | J/ψ (P4 − q) > = fJ/ψmJ/ψǫ
′
ν,
< 0 | Jcν (0) | ψ (2S ) (P4 − q) > = fψ(2S )mψ(2S )ǫν,
< ηc (P4) | Jcµ (0) | J/ψ (P4 − q) > = ǫµabcǫ′a∗qbPc4F
′
VP,
< ηc (P4) | Jcµ (0) | ψ (2S ) (P4 − q) > = ǫµabcǫa∗qbPc4FVP, (2.3)
where F
′
VP
and FVP are the form factors of e
+e− → J/ψηc and e+e− → ψ (2S ) ηc respectively, fJ/ψ and fψ(2S ) represent the decay
constants of J/ψ and ψ (2S ) severally, ǫ
′
ν and ǫν are the polarization vector of J/ψ and ψ (2S ) respectively. With these definition
of matrix elements, the hadronic state representation is converted into the form
Πµν (P4, q) = −ǫµναβqαPβ4
[
FVP
′ fJ/ψ
m2
J/ψ
−(q−P4)2 +
FVP fψ(2S )
m2
ψ(2S )
−(q−P4)2
]
+ 1
π
∫ ∞
s02
ds
ImΠµν(P4,s)
s−(q−P4)2 . (2.4)
Note that the first is the contribution from the ground state hadronic spectra, while the second is the contribution from the first
excited hadronic spectra. This is very different from the usual light-cone sum rules where only ground state contribution is
separated. However, this can be done since we just separate more states from the complete hadronic states.
At sufficiently large −q2 = Q2 = s and | (P4 − q)2 |, the dominant part of the integrand in the correlation function Eq.(2.1)
stems from the region near the light-cone x2 = 0. Thus, we calculate the leading order contribution to the light-cone OPE of the
correlator. Contracting the c-quark fields in Eq.(2.1), for simplicity, we adopt the free c-quark propagator
iS (x, 0) = i
∫
d4k
(2π)4
e−ikx
6 k + mc
k2 − m2c
, (2.5)
3where mc and k are the mass and the four-momentum of c-quark. For the subsequent matrix elements, we parameterize it with
the integral of the distribution amplitudes of the ηc meson
< ηc (P4) | C¯ (x) γβγ5C (0) | 0 > = −iPβ4 fηc
∫ 1
0
dueiuP4xφηc (u) + higher twist terms, (2.6)
where u is longitudinal momentum rate, fηc is the dacay constant of ηc meson, and φηc is the ηc light-cone DA. The final
expression of the operator product expansion for the correlation function is
Πµν (P4, q) = 2ǫµναβq
αP
β
4
fηc
∫ 1
0
dx
φηc (x)
m2c − (xP4 − q)2
. (2.7)
However, the third term in Eq.(2.4), which corresponds to higher excited and continuum states is not clear. Since at q2 → −∞,
the limitΠµν (P4, q)→ Π(pert)µν (P4, q) is valid, we convert the integrand in Eq.(2.4) into another form, called quark-hadron duality
1
π
ImΠ
(pert)
µν (P4, s) = 2ǫµναβ fηc
∫ 1
0
dxφηc (x) δ
(
m2c +xx¯P
2
4
− x¯q2 − x¯s02
)
, (2.8)
with x¯ = 1 − x and
1
π
∫ ∞
s02
ds
ImΠµν (P4, s)
s − (q − P4)2
≃ 1
π
∫ ∞
s02
ds
ImΠ
(pret)
µν (P4, s)
s − (q − P4)2
≃ 2ǫµναβ fηc
∫ ∆2
0
dx
φηc (x)
m2c − (xP4 − q)2
. (2.9)
Finally, the hadronic states representation in Eq.(2.4) is matched with OPE in Eq.(2.7). In order to suppresses the third term
in Eq.(2.4), Borel transformation is applied to both the hadronic side and the OPE side [12, 15]
BM2
1
m2
J/ψ
− (q − P4)2
=
1
M2
e
−
m2
J/ψ
M2 ,
BM2
1
m2
ψ(2S )
− (q − P4)2
=
1
M2
e
−
m2
ψ(2S )
M2 ,
BM2
1
m2c − (q − xP4)2
=
1
xM2
e
{
− 1
xM2
[m2c+x(1−x)P24−(1−x)q2]
}
, (2.10)
where M2 is the Borel parameter. After the Borel transformation, the light-cone sum rule for form factor is obtained
FVP =
2 fηc
mψ(2S ) fψ(2S )
∫ ∆1
∆2
dx
φηc(x)
x
e
− 1xM2 [m2c+x(1−x)m2ηc−(1−x)q2]+
m2
ψ(2S )
M2

, (2.11)
with
∆1 =
1
2m2ηc
[√(
s01 − m2ηc + Q2
)2
+ 4
(
m2c + Q
2
)
m2ηc −
(
s01 − m2ηc − q2
)]
,
∆2 =
1
2m2ηc
[√(
s02 − m2ηc + Q2
)2
+ 4
(
m2c + Q
2
)
m2ηc −
(
s02 − m2ηc − q2
)]
, (2.12)
where s01 and s02 are the first and excited state threshold parameters, −q2 = Q2 = s [14]. Actually, apart from that, the expression
of the form factor of the process e+ + e− → ψ (2S ) + ηc is exactly the same as that of the process e+ + e− → J/ψ (2S ) + ηc [14].
To see that, it is only necessary to change the mass and decay constant of the J/ψ in the literature [14] to that of the ψ(2S ), and
to change the integral interval of ∆1 ∼ 1 to that of ∆2 ∼ ∆1 here. Generally speaking, the above method of deriving the form
factor is also applicable to the process of hadronic exclusive production by e+e− annihilation with large momentum transfer. It
is found that the form factor depends on the ηc meson light cone DA, especially on its end point behavior due to ∆2 ≃ 0.88 to
∆1 ≃ 0.90.
III. LIGHT-CONE DA OF ηc MESON
At present, it is difficult to give the light-cone wave function from the first principle of QCD. Thus one usually constructs
some phenomenological models for the wave function, for instance BHL model [16], BLL model [6, 17], BC model [18], BKL
4model [19], MS model [20] and etc. The key input for the form factor is the gauge-independent and process-independent DA
φηc (x), which is of non-perturbative nature and can be defined as the integral of the valence Fock wave function [26]
φηc (x, µ0) =
2
√
6
fηc
∫
∣∣∣∣ ~k⊥
∣∣∣∣2<µ20
d2 ~k⊥
16π3
Ψηc
(
x, ~k⊥
)
, (3.1)
µ0 stands for the separation scale between the perturbative and non-perturbative regions. For the massive quark-antiquark system,
Ref. [21] provides a good solution ϕBHL(x,~k⊥) = Ae
−b2 ~k
2⊥+m∗2c
x(1−x) of the bound state by solving the Bethe-Salpeter equation with the
harmonic oscillator potential in the instantaneous approximation. Furthermore, the spin structure of the light-cone wave function
should be connected with that of the instant-form wave function by considering the Wigner-Melosh rotation [22],
Ψλ1λ2ηc
(
x,~k⊥
)
= ϕBHL(x,~k⊥)χλ1λ2(x,~k⊥) = Ae
−b2 ~k
2⊥+m∗2c
x(1−x) χλ1λ2(x,~k⊥), (3.2)
where m∗c denotes the constituent mass of c-quarks, χ
λ1λ2(x,~k⊥) =
Am∗c√
~k2⊥+m
∗2
c
is an spin-space wave function [23], λ1 and λ2 stand
for the helicity of the constitute c and c¯. The parameters A and b2 can be restricted by two constraints on them absolutely. One
constraint is from the relativistic wave function normalization [22]
2
√
6
fηc
∫ 1
0
dx
∫
∣∣∣∣ ~k⊥
∣∣∣∣2<µ20
d2 ~k⊥
16π3
∑
Ψηc
(
x, ~k⊥
)
= 1, (3.3)
another one from the probability of finding the | cc¯ > Fock state in the charmonium,
∫ 1
0
dx
∫
d2 ~k⊥
16π3
|ϕBHL
(
x,~k⊥
)
|2 = Pηc , (3.4)
with Pηc ≃ 0.8 [24], where we adopt the initial energy µ0 = m∗c = 1.8 GeV [14]. With the decay constant fηc = 0.335 GeV [25],
we obtain two parameters A = 285.64 GeV−1 and b2 = 0.19057 GeV−2. To sum up, we can determine the DA of ηc meson at
initial scale µ0, with the parameters A and b
2 in the wave function constrained by Eq.(3.3) and Eq.(3.4).
From Eq.(3.1), the distribution amplitude relies upon the energy scale µ also. As for a scale µ > µ0, the non-perturbative
DA is given by Eq.(3.1) or explicitly by the renormalization group evolution [26]. The solution are Gegenbauer polynomials
expansions as
φηc (xi, µ) = x1x2
∞∑
n=0
an
(
ln
µ2
Λ2
)−γn
C
2
3
n (x1 − x2) , (3.5)
with
γn =
CF
β
1 + 4
n+1∑
k=2
1
k
− 2δh1h¯2
(n + 1) (n + 2)
 ≥ 0 (3.6)
is the non-singlet anomalous dimensions, and C
2
3
n is the Gegenbauer functions. CF = 4/3, δh1h¯2 = 1 when the c and c¯ helicities
are opposite. Obviously, the non-perturbative coefficients an depends on the scales. At µ → ∞, an vanish, and the limit an = 0
corresponds to the asymptotic distribution amplitude φas (x) = 6x (1 − x) [13]. FIG.1 shows the dependence of the DA on the
energy scales. It can be seen from the figure that with the increase of the energy scale, the middle of the φηc (xi, µ) decreases
and the two ends of it increase. Further, substituting the DA of ηc into Eq.(2.11), we find the form factor increasing with the
increase of the energy scale, since the integral interval of the form factor is ∆2 ≃ 0.88 to ∆1 ≃ 0.90. We can better understand
this from a physical point of view. As the energy scale gets higher and higher, high-energy tail of the DA becomes larger and
larger, meaning an increasing relativity of the DA. Therefore, the relativistic effect contained in the corresponding form factor is
also increasing.
IV. CROSS SECTION
Generlly, the cross section of e+ (P1) e
− (P2)→ ψ (2S ) (P3) ηc (P4) can be expressed as
σ =
1
4E1E2 |vr |
∫
d3~P3d
3 ~P4
(2π)3 2E1 (2π)
3 2E2
(2π)4 δ4 (P1 + P2 − P3 − P4)
∣∣∣∣M
∣∣∣∣2 , (4.1)
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FIG. 1: (color online) Distribution amplitude of ηc meson in the BHL model [16] at some typical energy scales. The dotted line, dash-dotted
line, dashed line and solid line represent DA at µ = 1.8 GeV , µ = 3.50 GeV , µ = 4.00 GeV and µ = 5.00 GeV respectively.
where |vr| is the relative velocity of the initial positive and negative electrons,
∣∣∣∣M
∣∣∣∣2 is related to scattering matrix elementM as
∣∣∣∣M
∣∣∣∣2 = 1
4
∑
s,t
|M|2 , (4.2)
with the scattering matrix element [14]
M = i
∫
d4x < ψ (2S ) ηc | T
{
QcJ
c
µ (x) A
µ (x) , Qeψ¯ (0) γνψ (0) A
ν (0)
}
| e+e− > . (4.3)
After some tedious calculations, we get
∣∣∣∣M
∣∣∣∣2 = Q2c Q2e
8s
|FVP|2
[
s −
(
mψ(2s) + mηc
)2] [
s −
(
mψ(2s) − mηc
)2] (
cos2θ − 1
)
, (4.4)
where Qc and Qe denote the charge of c-quark and electron, respectively, θ is the scattering angle, and s is the invariant mass
square of the e+e− system. FVP is the form factor of e+e− → ψ (2S ) ηc as in section II. In order to compare with the experiment,
we adopt the invariant mass square s = 112 GeV2. Substitute the
∣∣∣∣M
∣∣∣∣2 into Eq.(4.1), integrate the phase space, at last, we obtain
σ =
α2Q2cπ
6s3
{[
s −
(
mψ(2S ) + mηc
)2] [
s −
(
mψ(2s) − mηc
)2]} 23 |FVP|2 . (4.5)
In section II and III, we show that the form factor is the function of DA, which depending on the energy scale. Thus, we will
discuss the form factor and cross section numerically.
V. NUMERICAL RESULTS AND DISCUSSION
In order to obtain the numerical results of the form factor and cross section, several parameters are taken as mc = 1.27 GeV ,
mηc = 2.979 GeV , mψ(2S ) = 3.686 GeV , fηc = 0.416 GeV and fψ(2S ) = 0.295 GeV [25, 27–29].
In our methods, there are two thresholds in the form factor Eq.(2.11), let’s first look at the dependence of the results on the
thresholds. In order to see this point, we change each threshold within a certain range, 3.62 GeV2 < s01 < 3.8
2 GeV2 and
3.92 GeV2 < s02 < 4.2
2 GeV2, as can be seen from FIG.2. One thing that needs to be added, in our previous work, we had taken
threshold as 3.72 GeV2 < s02 < 4.1
2 GeV2 for the e+ + e− → J/ψ + ηc process [14, 30], but in the current situation, there are
two different thresholds, so we do a slightly different choice. Since our results depend a little on threshold, the central thresholds
parameters we determined here are s01 = 3.7
2 GeV2, s02 = 4.1
2 GeV2. Our results do not depend on the Borel parameter, which
is taken as 15 GeV2 ≤ M2 ≤ 25 GeV2.
FIG.3 shows the dependence of form factor and cross section on the energy scale µ. As can be seen from the figure, with
the increasing of energy scale, the form factor and cross section become larger and larger. Since Eq.(2.11) indicates the form
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FIG. 2: (color online) The dependence of form factor on the threshold parameter s02 within the LCSR approach. Where the energy scale is
µ = 5.00 GeV and the threshold parameter s01 = 3.7
2 GeV2.
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FIG. 3: (color online) The dependence of form factor and cross section on energy scale in the LCSR approach. The left corresponds to the scale
µ = 3.50 GeV (dash-dotted line), µ = 4.00 GeV (dashed line), µ = 5.00 GeV (solid line), and the right corresponds to the scale µ = 1.80 GeV
(dotted line), µ = 3.50 GeV (dash-dotted line), µ = 4.00 GeV ( dashed line), µ = 5.00 GeV (solid line). Where the threshold parameters are
s01 = 3.7
2 GeV2 and s02 = 4.1
2 GeV2.
factor is an integral in the interval 0.88 ≤ x ≤ 0.90, while the factor other than the distribution amplitude in this interval is
nearly a constant, so the form factor depends only on DA. When the energy scale increases, FIG.1 shows that the high-energy
tail of DA is getting bigger and bigger, thus, the form factor becomes larger and larger accordingly. Similar trends are observed
for cross section. As the high-energy tail of DA means a large relativity of the DA, the relativistic effect contained in the
corresponding form factor and cross section is also large. We show this clearly in TABLE I. As for the effective scale µ of the
process, Ref [14, 18] suggested µ ≈ 3.5 GeV , while another usually adopted scale is µ =
√
S
2
≈ 5.00 GeV [14, 17]. Here, we
take µ = 5.00 GeV to do our discussion.
TABLE I: The form factors and cross sections at different energy scales with the threshold parameters s01 = 3.7
2 GeV2, s02 = 4.1
2 GeV2.
µ(GeV) FVP(GeV
−1) σ( f b)
1.80 0.00038±0.000002 0.26±0.02
3.50 0.00202±0.00003 9.12±0.13
4.00 0.00227±0.00003 11.30±0.32
5.00 0.00262±0.00003 15.60±0.40
We compare the results of experiment and various theoretical methods for this process in TABLE II. The second and the third
7columns are the results of NRQCD [3], without and with relativistic correction, respectively. Easy to see, the result is greatly
increased after considering the relativistic correction. But in both cases, the next leading order corrections are huge, which
reduces the reliability of the results. The fourth column is the result of the light cone expansion method [4, 5] . Because of the
use of relativistic distribution amplitude of ψ(2S ) meson, they get exactly the same result as the experiment. The drawback of this
method is that the DA of ψ(2S ) are not well known. The fifth column is the result of the method of pQCD and relativistic quark
model [9], which is very close to the experiment. This method takes into account many correction , such as the relativistic v/c
corrections to the wave functions, relativistic
p√
s
corrections emerging from the expansion of the quark and gluon propagators and
others. However, this method has the phenomenological structure which will bring about some arbitrariness of phenomenological
parameters. The last column, σ = 15.60 ± 0.40 f b, is our result with a relativistic distribution amplitude of ψ(2S ) at the energy
scale µ = 5.00 GeV , which is also very close to the experiment data, while the error is caused by Borel parameter M2 from
15 GeV2 to 25 GeV2. From the above, we can see that the relativistic effect is very important for this e+ + e− → ψ (2S ) + ηc
process and the results including the relativistic effects are close to the experiments.
TABLE II: Comparison of cross sections of our work with experiment and other methods.
σBelle × Br>2( f b) [2] σNRQCD( f b) [3] σ( f b) [3] σLC( f b) [4, 5] σ( f b) [9] This work( f b)
16.3±4.6 ± 3.9 0.96±0.45 5.6+10.5−3.3 16.3 15.3±2.4 15.60±0.40
VI. SUMMARY
In this paper, the form factor FVP = 0.00262± 0.00003GeV−1 and cross section σ = 15.60± 0.40 f b of the exclusive process
e++e− → ψ (2S )+ηc are obtained within the LCSR with a relativistic distribution amplitude. Combining our previous work [14]
with our current work, we have succeeded in applying the LCSR to the e+ + e− → J/ψ+ ηc and e+ + e− → ψ (2S )+ ηc processes.
Because the energy scale involved in Belle experiment is much larger than the initial scale of ηc used here, we have to consider
the evolution of the distribution amplitude from the initial scale to an effective scale, which is taken as µ = 5.00 GeV . Such a
result also shows that the relativistic effect is very large for this process.
However, our approach still has limitations. The first point is that we don’t know much about the the distribution amplitude
of charmonium, so getting a more comprehensive look at the properties of charmonium is for future work. Second, we only
consider the contribution of the leading order. We expect that, after considering the contribution of higher order, such as the
next leading order correction, the radiative correction, the results will be more reliable. The third point is that our results seem
to depend on the energy scale. However, a recent research for the similar exclusive process e+ + e− → J/ψ + ηc [31] show that,
the dependence on the energy scale can in fact be eliminated by applying the principle of maximum conformality (PMC) to set
the renormalization scale. By carefully applying the PMC to different topologies of the annihilation process, one can achieves
precise prediction. We expect the final result, including all of the corrections and the evolution of the scale, to be independent of
the energy scale.
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